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Abstract
The eccentricity e(v) of v is the distance to a farthest vertex from v. The radius r(G) is
the minimum eccentricity among the vertices of G and the diameter d(G) is the maximum
eccentricity. For graph G − e obtained by deleting edge e in G, we have r(G − e)¿ r(G)
and d(G − e)¿d(G). If for all e in G, r(G − e) = r(G), then G is radius-edge-invariant.
Similarly, if for all e in G, d(G − e) = d(G), then G is diameter-edge-invariant. In this paper,
we study radius-edge-invariant and diameter-edge-invariant graphs and obtain characterizations
of radius-edge-invariant graphs and diameter-edge-invariant graphs of diameter two.
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1. Introduction
Let G be a connected graph with vertex set V (G) and edge set E(G). The distance
d(u; v) between vertices u and v is the length of a shortest path joining u and v. The
eccentricity e(v) of v is the distance to a farthest vertex from v. The radius r(G) and
diameter d(G) are the minimum and maximum eccentricities, respectively. The center
C(G) and periphery P(G) of graph G consist of the sets of vertices of minimum and
maximum eccentricity, respectively. Vertices within C(G) are called central vertices,
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and those within P(G) are peripheral vertices. A graph is self-centered if all its vertices
are in the center.
For graph G − e obtained by deleting edge e in G, we have r(G − e)¿ r(G) and
d(G − e)¿d(G). An edge e is radius-increasing if r(G − e)¿r(G), otherwise it is
called r-deletable. A graph G is radius-minimal if every edge of G is radius-increasing.
Gliviak [4] characterized radius-minimal graphs as follows.
Theorem 1. A nontrivial graph G is radius-minimal if and only if G is a tree.
Graph G is diameter-minimal if d(G − e)¿d(G) for all e in G. In another paper,
Gliviak [3] studied diameter-minimal graphs and showed that every graph can be em-
bedded as an induced subgraph in a diameter-minimal graph of diameter 2. PlesnGHk [8]
showed that in a diameter-minimal graph, at most one block contains a cycle. Another
of the many beautiful results in [8] is that for any pair of integers k¿ 1 and r¿ 2,
there exists an r-regular diameter-minimal graph of diameter k and connectivity r.
At the far extreme from radius-minimal and diameter-minimal graphs are graphs
for which no edge deletion has an eIect on the radius and diameter, respectively. If
r(G − e) = r(G) for all e in G, then G is radius-edge invariant (r.e.i.). Similarly, if
d(G−e)=d(G) for all e in G, then G is diameter-edge-invariant (d.e.i). In this paper,
we study radius-edge-invariant and diameter-edge-invariant graphs and chara-
cterize radius-edge-invariant graphs and diameter-edge-invariant graphs of diameter
two.
Lee [5] and Lee and Tanoto [6] construct a variety of d.e.i. graphs. In [5] this is
done using various graph operations. Also in [5] there is a characterization of d.e.i.
graphs of diameter k having the fewest number of vertices. The focus in [6] is on the
construction of a certain type of planar d.e.i. graphs. A graph G is critical d.e.i. if G
is d.e.i., and for all v∈V (G), G − v is not d.e.i. Graph G is cocritical d.e.i. if G is
d.e.i., and G − v is d.e.i. for all v∈V (G). Those two concepts were introduced and
studied by Lee and Wang [7] where they used graph operations to construct critical and
cocritical d.e.i. graphs. They also determined the structure of minimum order critical
d.e.i. graphs of diameter k.
2. Radius-edge-invariant graphs
In this section, we Jrst obtain an existence result that describes the number of
radius-increasing edges a graph with q edges may have. We then give several char-
acterizations involving radius-edge-invariant graphs. Recall from Buckley and Harary
[1, p. 26], the sequential join G1 +G2 + · · ·+Gt of graphs G1; G2; : : : ; Gt is the graph
formed by taking one copy of each of the graphs G1; G2; : : : ; Gt and adding in addi-
tional edges from each vertex of Gi to each vertex in Gi+1, for 16 i6 t−1. We begin
with the following result of Dutton et al. [2].
Theorem 2. Every self-centered graph on at least three vertices is radius-edge-
invariant.
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Corollary 3. For all n¿ 3, the cycle Cn is radius-edge-invariant.
Theorem 4. For any two nonnegative integers n and q, where 06 n6 q, there exists
a graph G having q edges, precisely n of which are radius-increasing, except for q=1,
n= 0; q= 2, n= 0 or 1; q= 3, n= 1 or 2; q= 4, n= 1 or 2; and q= 5, n= 3.
Proof. First, let n and q be nonnegative integers such that 06 n6 q and q¿ 6. When
n = q, every edge is radius-increasing, so by Theorem 1, any tree on q + 1 vertices
will do. For n¡q, suppose that q − n = k¿ 1. Then for each q¿ 6 and 06 n¡q,
we must Jnd a graph with q edges, n of which are r-increasing, and the remaining
k = q − n¿ 1 are r-deletable. By Corollary 3, Cq is r.e.i., so n = 0 edges of Cq are
r-increasing; all q are r-deletable. This reduces the search to graphs with q¿ 6 edges
and 0¡n¡q with k=q−n¿ 1 r-deletable edges. We separate the problem into four
cases based on the value of k (see Fig. 1).
Case 1 (k = 1): Let G = LKq−3 + K1 + K2 (K3 with q − 3 pendant edges at one
of the vertices of K3). Then just the one edge joining the vertices of degree two is
r-deletable. The other n= q− 1 edges are r-increasing.
Case 2 (k = 2): Let G = 2K2 + K1 + LKq−6. Then just the k = 2 edges joining the
vertices of degree two are r-deletable. The other n= q− 2 edges are r-increasing.
Case 3 (k =3): Let G consist of LKq−4 +K1 +K2 with a pendant edge at one of the
vertices of degree 2. Then the k=3 edges of the unique cycle K3 in G are r-deletable.
The other n= q− 3 edges are r-increasing.
Case 4 (k¿ 4). If k is even, let G = K1 + LKk=2 + K1 + LKq−k . If k is odd, let G
consist of K1 + LK (k−1)=2 + K1 + LKq−k together with an additional edge joining a pair
of nonadjacent vertices of degree two in K1 + LK (k−1)=2 + K1 + LKq−k . In either case,
the q− k edges incident with a vertex of degree one are r-increasing and the other k
edges are r-deletable.
Now we consider connected graphs with q6 5 edges, precisely n of which are
r-increasing, 06 n6 q. When q6 2, the only connected graphs are trees, so in those
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cases n=q edges are r-increasing. Thus q=1; n=0; and q=2; n=0 or 1 are impossible.
When q=3, n=0 for C3, and n=3 for P4 or K1;3, so q=3; n=1 or 2 are impossible.
When q= 4, n= 0 for C4, n= 3 for K1 + K1 + K2, and n= 4 for the three trees on 5
vertices. Thus q = 4; n = 1 or 2 are impossible. When q = 5, n = 0 for C5; n = 1 for
C4 + e and K1 +K1 + LK2 +K1; n=2 for K1 +K1 +K1 +K2 and the unique graph with
degree sequence 3; 3; 2; 1; 1; n= 4 for K2 + K1 + LK2; and n= 5 for the six trees on 6
vertices. Thus q= 5; n= 3 is impossible.
Dutton et al. [2] approach the study of radius-edge-invariant graphs by looking at
spanning trees of a given height and prove the following results.
Theorem 5. Edge e in graph G is r-increasing if and only if e is contained in every
spanning tree of height r in G.
A spanning tree T of G is radius-preserving if r(T )=r(G). It is well-known that for
each central vertex c∈G, a breadth-Jrst search from c will generate a radius-preserving
spanning tree. Dutton et al. [2] characterized r.e.i. graphs. The restatement in Corollary
6 of their result follows directly from Theorem 5.
Corollary 6. A graph G is radius-edge-invariant if and only if there is no edge that
appears in every radius-preserving spanning tree of G.
The following result shows that Jnding a forbidden subgraph characterization of r.e.i.
graphs is not possible.
Theorem 7. Every graph G can be embedded as an induced subgraph in an r.e.i.
graph H .
Proof. Let |V (G)|= n. If n6 2, then G is an induced subgraph of C4 which is r.e.i.
by Corollary 3. Thus suppose that n¿ 3. If G = Kn, then G is self-centered, so since
n¿ 3, G is r.e.i. by Theorem 2. Thus, suppose that n¿ 3 and G = Kn. If no vertex
of G has full degree n − 1, let H = K1 + G + K1. Then for all v in H , we have
e(v) = 2. Hence H is self-centered of order at least 3, so by Theorem 2, H is r.e.i.,
and clearly G is induced in H . If G has vertices of full degree, let A = {v∈G :
deg(v) = n − 1} and let B = V (G) − A. Since G = Kn and G has vertices of full
degree, both A and B are nonempty. Also, |B|¿ 2 since otherwise deg(v) = n − 1
for all but one vertex which is impossible. Note that eG(b)¿ 2 for all b∈B. Let
V (H)=V (G)∪{x} and let E(H)=E(G)∪{xb : b∈B}. Then for all a∈A, dH (a; x)=
2 and dH (a; v) = 1 for all v∈V (G) − {a}, so eH (a) = 2. Also, dH (b1; b2)6 2 for
b1; b2 ∈B, dH (a; x) = 2 and dH (x; b) = 1 imply that and eH (b) = eH (x) = 2. Therefore,
H is self-centered of order at least 3, so by Theorem 2, H is r.e.i., and clearly G is
induced in H .
Theorem 8. A graph G of radius one and order p is r.e.i. if and only if G contains
at least three vertices of degree p− 1.
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Proof. Let G be an r.e.i. graph of radius one and order p. Then there exists a vertex
u in G such that deg(u)=p− 1. If u is the only central vertex of G, then the removal
of an edge incident with u would increase the eccentricity of u, a contradiction. Hence,
there must be another vertex of degree p − 1. If there are just two central vertices u
and v, then r(G − uv)¿ 1, contradicting G being r.e.i. Hence G must contain at least
three vertices of degree p− 1.
The converse is obvious since for all e, at least one of the n¿ 3 vertices of degree
p− 1 is adjacent to all other vertices in G − e.
Corollary 9. Let G be a graph of diameter two and order p. Then G is r.e.i. if and
only if G contains at least three vertices of degree p− 1 or G is self-centered.
Proof. Suppose that G is a graph of order p and diameter two. Then either r(G) = 1
or r(G) = 2. In the former case, Theorem 8 implies that G contains at least three
vertices of degree p− 1. In the latter case, since G has diameter two, p¿ 3, so G is
self-centered and has at least three vertices. Thus Theorem 2 implies that G is r.e.i.
The converse is easy since G has diameter two and p¿ 3, so if G is self-centered,
then Theorem 2 implies G is r.e.i. On the other hand, if G is not self-centered, then
G must have radius one. So r(G) = 1 and G contains at least three vertices of degree
p− 1, so Theorem 8 implies that G is r.e.i.
3. Diameter-edge-invariant graphs
An edge e in G is diameter-increasing d-increasing) if d(G − e)¿d(G). The fol-
lowing simple observation helps when counting the number of d-increasing edges in a
given graph.
Observation 10. In any connected graph, each bridge is d-increasing.
An immediate consequence is the following.
Theorem 11. Every nontrivial tree is diameter-minimal.
Unlike the situation for radius-minimal graphs described in Theorem 1, there are
non-tree diameter-minimal graphs. For example, every cycle is diameter-minimal. In
the last section, we began by obtaining an existence result that describes the number of
r-increasing edges that a graph with q edges can have. We now obtain an analogous
result for d-increasing edges.
Theorem 12. For any two nonnegative integers n and q, where 06 n6 q, there exists
a connected graph G having q edges, precisely n of which are diameter-increasing,
except for q = 1; n = 0; q = 2; n = 0 or 1; q = 3; n = 0; 1 or 2; q = 4; n = 0; 1 or 2;
q= 5; n= 1 or 2; q= 6; n= 0 or 3; and q= 7; n= 1.
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Proof. Here it helps to picture a matrix M with rows labeled by q and columns
labeled by n. We must show that we can Jll each (q; n)-position, 06 n6 q (that is,
each diagonal and below diagonal position), with a connected graph Gq;n that has q
edges, precisely n of which are d-increasing, except for the 14 exceptional cases listed.
We shall work one diagonal at a time.
When n = q, let Gq;n be any tree on q + 1 vertices. When n = q − 1, by using a
table of graphs as in [1] or [9], we can eliminate the possibility of q = 1; 2 and 3. If
q¿ 4 and n= q− 1, then Gq;n = LKq−3 +K1 +K2 has q edges, n= q− 1 of which are
d-increasing.
When n = q − 2, we can eliminate the possibility of q = 2; 3 and 4. If q¿ 5 and
n = q − 2, then Gq;n = LKq−4 + K1 + LK2 + K1 has q edges, n = q − 2 of which are
d-increasing.
When n= q− 3, we can eliminate the possibility of q= 3; 4; 5 and 6. If q¿ 7 and
n=q−3, then Gq;n= LKq−6 +K1 +K3 has q edges, n=q−3 of which are d-increasing.
When n= q− 4, we can eliminate the possibility of q= 4 and 5. The graph G6;2 =
K1 +K1 + LK2 +K1 +K1 is the unique d-increasing graph with 6 edges, 2 of which are
d-increasing. If q¿ 7 and n = q − 4, then Gq;n = LKq−6 + K1 + LK2 + LK2 has q edges,
n= q− 4 of which are d-increasing.
If n = q − 5, then 06 n6 q implies that q¿ 5. In this case all possible values of
n in the given range are achievable. A graph G with q edges, n= q− 5 of which are
d-increasing is illustrated in Fig. 2(a).
When n = q − 6, we can eliminate the possibility of q = 6 and 7. If q¿ 8 and
n= q− 6, then Gq;n = LKq−7 +K1 + LK3 +K1 +K1 has q edges, n= q− 6 of which are
d-increasing.
Finally, suppose that n = q − t, where t¿ 7. Then all possible values of n are
achievable. When q − n is odd, an appropriate graph structure is displayed in Fig.
2(b) [note that n may be zero, that is, there may be no pendant edges]. These graphs
have q edges, n= q− t = q− 2k − 3 of which are d-increasing. When q− n is even,
an appropriate graph structure is displayed in Fig. 2(c) [again, n may be zero, that
is, there may be no pendant edges]. The structure of these graphs is identical to that
of Fig. 2(b) except that one pair of the k mutually nonadjacent vertices has been
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joined by an edge. These graphs have q edges, n = q − t = q − 2k − 4 of which are
d-increasing.
Theorem 13. Every graph G can be embedded as an induced subgraph in a diameter-
edge-invariant graph H .
Proof. If G = K1, then G is already d.e.i., so let H = G in that case. Now suppose
that G is nontrivial, and let H =K2 +G+K2. Then clearly d(H)=2 and G is induced
in H . We consider various possibilities for edge e in graph H . If e= uv∈E(G), then
for x; y ∈ V (G), dH−e(x; y) = 2 if x and y are from distinct K2’s, and dH−e(x; y) = 1
if x and y are from the same K2, and dH−e(x; u) = dH−e(x; v) = 1. For x; y∈V (G),
dH−e(x; y)6 2 via K2.
If e = uv, u∈V (G), and v∈K2, then for x; y∈V (G), dH−e(x; y)6 2 via the other
K2, and dH−e(u; v)=2 via the K2 containing v. As before, if x and y are from distinct
K2’s dH−e(x; y) = 2, and dH−e(x; y) = 1 if x and y are from the same K2. Finally, if
e= uv∈K2, then dH−e(u; v) = 2 via G and all other distances remain unaIected. Thus
for all e∈H , we have d(H − e) = 2, so H is d.e.i.
Because of Theorem 13, we cannot obtain a forbidden subgraph characterization of
d.e.i. graphs. In fact, it appears diQcult to obtain any characterization of d.e.i. graphs
in general. However, we do have the following result.
Theorem 14. Suppose that graph G has diameter 2. Then G is diameter-edge-invariant
if and only if
(1) every edge of G is contained in a triangle, and
(2) if d(u; w) = 2, then there are at least two geodesics joining u and w.
Proof. (⇒) Let G be a d.e.i. graph of diameter 2. Suppose that e = uv is an edge of
G that is not contained in a triangle. Then dG−e(u; v)¿ 3 so d(G− e)¿d(G) and G
is not d.e.i., a contradiction. Thus every edge of G is contained in a triangle, that is,
(1) holds. Now suppose that d(u; w) = 2 but there is a unique geodesic u; v; w joining
u and w. Then e = uv∈E(G) and dG−e(u; w)¿ 3. So d(G − e)¿d(G) and G is not
d.e.i., a contradiction. Thus, if d(u; w)=2, then there are at least two geodesics joining
u and w, that is, (2) holds.
(⇐) Let G be a graph of diameter two where (1) and (2) hold. Then we must show
that G is diameter-edge-invariant. Let e = uv be an arbitrary edge of G. By (1), e is
contained in a triangle u; v; x; u. Hence in G − uv, path u; x; v is a u − v geodesic, so
dG−uv(u; v)= 2. If z and w(zw = uv) are at distance one in G, removal of edge e= uv
does not alter their distance from one another. If z and w are at distance two in G,
then by (2) there are at least two geodesics joining z and w. One of those geodesics
necessarily avoids edge uv. Thus, dG−e(z; w) = 2 if dG(z; w) = 2, dG−e(z; w) = 1 if
dG(z; w) = 1 and zw = uv, and dG−uv(u; v) = 2. Hence, d(G − e) = d(G), that is, G is
diameter-edge-invariant.
Corollary 15. Suppose that graph G has radius 1. Then G is diameter-edge-invariant
if and only if d(G) = 2 and G contains no cutvertices.
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Proof. (⇒) Let G be a d.e.i. graph of radius 1. Then G = Kn since r(K1)= 0 and Kn
is not d.e.i. for n¿ 0. Thus d(G)=2. Since G is a d.e.i. graph of diameter 2, Theorem
14 implies that vertices at distance two in G have at least two geodesics joining them,
which precludes the possibility of G having a cutvertex.
(⇐) Let G be a graph of radius one and diameter two that contains no cutvertices.
If r(G)=1, d(G)=2, and G contains no cutvertices, then |C(G)|¿ 2. Then every pair
of vertices at distance two from one another in G is joined by at least two geodesics
by way of vertices in C(G). Also since every vertex in C(G) is adjacent to every other
vertex of G, each edge of G is contained in a triangle. Thus, d(G)= 2 and conditions
(1) and (2) of Theorem 14 hold, so G is diameter-edge-invariant.
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